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Integer-valued functions

A function which takes integer values on some subset E of Z.

Examples:
f(z) =520 +92° +1 E=7Z
f(z) = sin(nz) E=Z
f(z)y=n*forneZ E=Nu{0}
f(z) =T(2) E=N
f(z):%fornGZ\{O} E =nZ



Pdlya's original result

Theorem (Pdlya, c1915)

Let f be an entire function such that f(n) € Z forn=0,1,2,...
and
. log M(r, )
limsup ———=
r—o0 r

< log 2.

Then f is a polynomial.
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We cannot replace lim sup here by liminf:

Theorem (Langley, 2006)

Given 1)(r) — oo, there exists a transcendental entire function G
with G(Z) C Z and

.. . logM(r,G)
() log r
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A corollary and a conjecture

Corollary (Pdlya, c1915)

2% is the slowest-growing transcendental entire function mapping
{0,1,2,...} into Z.

What happens if we specify what integer values are taken?

Conjecture (Buck/Langley, 2011)

For n € N, 2" |s the slowest-growing transcendental entire
function mapping {0,1,2,...} into the set of n'" powers of 7.



Further results

Theorem (Pdlya, 1921)

Let f be an entire function such that f(n) € Z forn=0,1,2,...
and

M(r,f)=0(r"2") as r— o0
for some m > 0. Then

f(z) = P1(2)2° + Pa(2) (1)

where the P; are polynomials.



Further results

Theorem (Pdlya, 1921)

Let f be an entire function such that f(n) € Z forn=0,1,2,...
and

M(r,f)=0(r"2") as r— o0

for some m > 0. Then
f(z) = P1(2)2* + P(2) (1)

where the P; are polynomials.

Theorem (Pisot, 1942)

Let f be an entire function such that f(n) € Z forn=0,1,2,....
Then (1) holds if

limsu
r—o00

log M(r, f
pOgr(r’)§0.7589.



A half-plane result

Theorem (Fletcher/Langley, 2009)
Let d € (0,1), J € N and X > 0 satisfy

16 J
= <1+Iog <2+1>) +8(J— 1)\ < d?,

and let E C N have lower linear density

D(E) = liminf [EN{L,...,n}|

n—o00 n

> d.

Further let f be an analytic function of exponential type less than
A in the closed right half plane, and assume that f(n) € Z for
every n € E. Then f is a polynomial.

1
This gives a maximal value for A of roughly 7500 3.6 x 107*.
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At the 2005 CMFT conference, Tohge asked if there is a version of
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A generalisation of Fletcher/Langley to meromorphic
functions in the whole plane

At the 2005 CMFT conference, Tohge asked if there is a version of
Pdlya's theorem for meromorphic functions.

Theorem (Buck, 2011)

Given d € (0,1), there exists some A = A(d) > 0 with the
following property. Let f be meromorphic in the plane, taking
integer values on some set E C N of positive lower linear density
do > d, and T(r,f) < Ar forall r > ry. Then f is a polynomial.
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of Schneider.
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» Use the Boutroux-Cartan Lemma to give a bound for
log |f(z)| within a disc of large radius R, excepting a union U
of open discs which enclose at most a third of the points of E
within the large disc. Call this region A, and enumerate the
elementsof ANE as ap < ap < ...

» Using the Dirichlet Box Principle, we can create a finite sum

Alz) = z; Buw <Z f N) f(z)",

where the 3, , are integers, not all 0, and |A(«;)| < 1. Then
A(E) C Z, and so A(o;) = 0.



Outline proof

» Use Boutroux-Cartan to show that given these zeros of A in
the interval [1, R], if T(r,A) < Jr for all r > R, then it has
more zeros within [1,2R]. Repeat infinitely.
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Outline proof
» Use Boutroux-Cartan to show that given these zeros of A in

the interval [1, R], if T(r,A) < Jr for all r > R, then it has
more zeros within [1,2R]. Repeat infinitely.

» If T(r,A) is small enough and A # 0 then

N (r, i‘) > (14 o(1)) T(r, A),

contradicting the First Fundamental Theorem. Hence,
4 14
Az) —o—z(zm, (,: )) ()"

» Apply a lemma of Fletcher/Langley says that if an algebraic
function f is analytic on the right half plane and
integer-valued on E, then f is a polynomial.



How small is A7

Short answer: very.



How small is A7

Short answer: very.

A must satisfy the following inequality:
4 J log & dlog L
“(1410g(2+1))+80-1)(6- 298|\ T%€s
J 2 |0g2 Iogi
16 (6- %5

where J € N is large enough that

dlog L log?2
dlog%logZexp Ldg—l

128 log sz

Y

dlog % log 2 64 log efﬁ

where W is the Lambert W-function.



How small is A7

Solving for specific values of d gives the following results for J and

N 1
3.4 x 1010

1
_ > < —12 ~ -
d=05 JZ290,000  A556x10 1.8 x 1011

1

8.3 x 1012
1

~ 17 <100

d=1 J % 130,000 AS29x107H

Q

d=01 JZ2000,000 XS12x107%

d=0.01 JZ28,000,000 X\Z5.8x107%



Further avenues of investigation

» Can we change the set E to be a subset of Z but not of N7

» Can this result for meromorphic functions be used in a half
plane?

» Can the conjecture on the slowest-growing transcendental
entire function mapping to n"powers of Z be proven?



